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Abstract: In this paper, we have proposed a generalized class of estimators of population mean, ratio and
product of population means using auxiliary information of two variables in presence of measurement errors.
Further, we also proposed the jack-knifedclass of unbiased estimators using Quenouille’s method in respect of
the above mentioned class of estimators. The bias and mean square error of the proposed classes are obtained.
We also analyzed the properties of the generalized estimator in presence of measurement errors. Finally, some
concluding remarks are made clearly demonstrating that some important class of estimators is special cases of
the proposed study.

I. INTRODUCTION

Over the past several decades, statisticians are paying their attention towards the problem of estimation
of parameters in the presence of measurement errors. In survey sampling, the properties of data usually
presuppose that the observations are the correct measurements on characteristics being studied. However this
assumption is not satisfied in many applications and data is contaminated with measurement errors, such as non-
response errors, reporting errors and computing errors. These measurement errors make the result invalid, which
are meant for no measurement error case. If measurement errors are very small and we can neglect it, then the
statistical inference based on data observed continue to remain valid. On the contrary, when they are not
appreciably small and negligible, the inferences may not be simply invalid and inaccurate but may often lead to
unexpected, undesirable and unfortunate consequences (see Srivastava and Shalabh, 2001). Some important
sources of measurement errors in survey data are discussed in Cochran (1968), Shalabh (1997), and Singh and
Karpe (2008, 2010) studied some estimators of population mean under measurement errors.

For a simple random sample of size n, let (le ,ij,yj)be the pair of values instead of the true values

(le ,ij ,Yj )on the characteristics(Xl, X2 ,Y) respectively.Let the observational or measurement error be

defined as
u= Y- Yii=L2, ...n (1.0
Vi = X, - Xy
Vg = Xy - Xy 1.2)
The generalized estimator of population mean 1, , using mean g4 and x, of auxiliary variable X,
and X, respectively, is given by

Y. =f(uv,w) (1.3)
where U=V, V=
M f(Y.11)=
(i)
(iii)

The function is continuous and bounded in the closed interval R of real line.

The first and second order partial derivatives of the function are exist and are continuous and bounded in R
— X X - o - .

whereU =Y,V = A andw=22 and X,,X,and Y are the sample mean of X, , X, and Y respectively for a

M Hy

simple random variable of size n.
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Il. BIAS AND MEAN SQUARE ERROR OF THE PROPOSED CLASS OF GENERALIZED

ESTIMATOR
Taking expectation on both side of (1.7), we have
(W, +w,) (W, W) (W, W) g (W w )
E T . —F u y T vy Xy + v, Xp = u y
(Ya /“Y) { \/ﬁ S ﬂl\/; fa qu\/; Ja ol n 200
2 2
W, +WX1 WVZ +WX2 W, +W WV1 +WXl
+( l 2 ) fozo"'( 2 ) fooz+2( Y)( )fno
mn mn niy
W +W (W, +W W +W (W _+W
e o) ) ew,) ]
iy My
1| (i ror),  (ohtor)
= o- 2 f020+ 2 f002
2n Hy Hy
0 X le,xz f o Xo
_{ (yx1) fo+ (x1%)7 011, 7 (%) f101:|
Hy iy )
Hence, bias of Y, is given by
. _ 1 X, O—xl,x2 f o X
Blas(ya) 2_{_2 x1f020 f002+2{ 2! Lt U )f101}:|
n 2 M 1M Hy

2n| w My
Now, squaring (1.7) on both sides and then taking expectation, we have

MSE (V)= E (V.- )
K 2
(W, +w,) (W, +w, ) - (W, +w, ) f3]

=E f
\/ﬁ ' ,Ul\/; i :“2\/;

1|on . 0,
+— 2 f020 +_2 f002 (2.1)

r 2 2 2
g W w;wy) e +2WX1) oy (M +2Wx2) (1)
un un
(V\/v1 +le) (sz +va2 ) fz f3

ff,+
\/Iﬁ /11\/_ ﬂlﬁ ﬂzﬁ

(e +w ) (w, ) : fH

/12\/; \/;

Zl(amg) f)2+(a;+a;)(f2)z+(gz+a;)(f3)2]

+2{(Wu +W, ) (W, +W, )

St Ny s

+g yXlff+x1x2ff+yxsz
N ) )
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— 1 2 2 0-51 2 0-52 2 Y. X1) x1 Xp) YiXp)

== 5 + +

Y o+ T 02 s T
1l , 2 0'51 2 O'_\z 2
+E[au ) + 25 =25 1) }z.z)

I11. PROPOSED GENERALIZED CLASS OF UNBIASED JACK-KNIFE ESTIMATORS
Now, we consider a simple random sample of size 2m and split this sample randomly into two sub

samples each of size m. Let(X, ,X,, , ¥, )be the sample means of values on (Y, X) respectively for the
X12m 22m y2m

entire sample of size 2m and( 1(n2,X2m : ym) be the sample means values of (Xl, XZ,Y) respectively for

i (i = 1,2) sub-sample of size m.
The generalized estimator of population mean g, using mean g, and g, of auxiliary variable X;and X;
respectively is

v, =f (uv,w)="f {7, Xam iﬂ} (3.1)

Mo
Also,(zm ’XZm'Ym) be the sample means values of (Xl, XZ,Y) respectively for sample of size m so that

X X, :
u=y,v= (ﬁ] and W= (%j and f ( U, Vo, ,Wm)satisfying the validity conditions of Taylor s series
1 2

expansion is a bounded function of u, v and w such that f (,uY ,I,I) =W, .

Let 76(13) is a generalized estimator for the entire sample of size 2m; 76(11) and 7;2) be the generalized estimators
for the two randomly split sub-samples of size meach.Thus,

_ (% X
yés): f yzm,[ 1,2mj{ 2,2m]
i M Ky
=f(z.2:.2) (3.2)
i 1 (1
y;1) — ¢ yr(nl)’ x() | 2(’m
Hy My
=f(z,2,2) 33
: y [ %0 (%
— — m ,m
v = =
Hy Hy
=1(2,,2,,2,) (34
where
Y Y w1 <
X X Xim " _
Zy =Yy 2, :( 1,2mj1 Zg:( 2,2mj1 z,= yr(nl)1zi= 1 2= Xom ,
Hy Hy Xy X,
<) £2)
z,=Y, 2, = L 2, 2m f(zs,z;,z ) f(Zl,Zl,Z) and f(Zz,ZZ,Z ) are the bounded
1 H
functions of (23,23,23),(2,,2;,2;) and (Z,,2},2;) respectively satisfying the regularity of conditions of
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f (u,V,W) in (1.3) involved in generalized estimator Y, .We can easily define the following terms similarly as
mentioned in (1.4), (1.5) and (1.6), so that

1 2m
V. =—_ Y.
y2m 2n |:; J:|

1 1 2m
= Yi-Y; Y-t
(zm)llz _(Zm)uz ; I B 'UY}
1 [ 1 2m
= Uy (Y -y )+
(Zm)uz _(2m)1/2 JZ:;, i i~y Y}
1
=u, + W, +W,)(3.5)
Y (Zm)l/z ( y)
1 2m 1 2m
whereW, = —MZUJ. and W, = —UZZ(YJ - 14, ) are of order O,(1).Similarly, we also define
2m) =1 (2m) =1
W, W, W, Wo W W w® WP w wi wi® w® w W w® andw® s for w,
and W, .
Y12m :LI:WV +Wx :|+:u1
2m ' ' (3.6)
- 1
Xy om = —I:sz +Wx2 il"':“z
2m (3.7)
o = 1 rwo +W(”]+ 4
u y
m= (38)
R = =W W T
m- (39)
W= (W W e
m = (3.10)
v@ = 1 @ W@l (3.11)
ym \/E v y o] lu’Y
X2 = % :WV<12> +WX(12): + 1 (3.12)
%2 =L [W® sw@ 74 4,
' m- = C - (3.13)

On expanding f (Zs,Z;,Zg), f (Zl,Zi,Zf) and f (ZZ,Z; ,Zé’) in third order taylor's series about the point

z,= py.z} =1.z'=1 and noting that f (z4,,1,1)= p, for i=1, 2, 3, we have

of of of 1 2 02 f
VO=| f(u,,1,1)+(z,-1)—+ (2 -1)—+(z2 - 1) —+—=1(2,-1
ya ('uY ) (23 )azs (23 )aZé (Z3 )azﬂ 2| {(23 ) 6232.
, o° f " o° f , o° f
+(z; '1)2 62’32+(Z3 '1)2 " +2(z,-1)(2-1) 02,07,
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W, + W W, +W, ) (W, W,
7;3) = ILlY + ((Zm)l/Z) 1 + (ILLl (2m)1/2) ]pz + (ILLZ (2m)1/2) ](3 + 2!;m {(Wu +Wy )2 .](‘200
N (WV1 +W, )2 (o4 (sz +W, )2 (Lo (wu +wy)(WV1 +WX1) ‘.
2 2

3 ) Hy

N (Wvl +W, )(sz +W,_ ) - (Wv2 +W, )(Wu +Wy)
) Hy

Similarly, we have
(Wu<1> W )

(m)l/Z

2 2
(W\,u) +W o, ) (W\,u) W, j (Wu<1> W ) (W\,u) +W o, j
+ 1 1 f + 2 f + 2 1 1

(WV§1) +WX§1)) fot (W"(zl) +Wx(zl)) Jot !
/ul (m)l/Z 2 luz (m)1/2 3

5= g+ =

- f
2 020 2 002 110

Hu ) Hy

1

(Wv(l) +WX(1) j(wvu) +WX(1) j (Wv(l) +WX(1) )(Wuu) + Wy(1) )
+ 1 1 2 f + 2 2

: 011 f101 +...|(315)

My Hy
_ (W 0 TW ) (va W, ) (Wv<z> +W o, ) 1 2
V9= i i i o (w4 )
(m) p (m) #o (m) 2Am L e

2 2
(va +W o, ) (WV(Z) TW ) (Wu<2> W )(va W, )
+-— —— f ., + fo, r+2 : — f

2 2
2 020 2 002 110

M ) Hy

(Wv(z) W, j(wv(z) W, j (va W, )(wu(z) w, )
1 1 2 2 2 2
+ fOll +

Ml My

flop ¢t [(3.16)

As defined in Sukhatme and Sukhatme (Chapter IV, page 162), for Nlarge, we propose the Jack-knifed
generalized estimator Vajunder measurement error given by

o —oa® _ 15, o2
yaj_zya 2(ya +ya )

(3.17)
— Wu +w Wv1 +\Nx1 sz +Wx2 1
yaj =2 Hy +((2m)1/;)f1+(,ul(2m)1/2) 2+(ﬂg (Zm)l/Z) 3+2!2m {(Wu+wy)2 fzoo
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yaj - Ky
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2
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011 101
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2 1 1
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1 1
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1 1
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1
+ w (WV(Z) +W, j (WU(Z) TW ) ) fiot H (3.18)
2 2 2

Taking expectation on both sides of (3.18), we have

E(yaj'/‘v) [Zé ( )fzoo 7 (0' +‘7><1)f020 :2 (0'52+0'52)f002

2

2 2 2
+_O- (yx) f110 O(yx,) f101 x1,x2)f(:)ll:|
Hy Hy )
1] 2 1
'§|:2|m( o, +o )fzoo % (0' +0'x1)fozo 2 (U +o, )fooz
2 2
yx f110 yx2 f;.01 xl,xz)fOll
ﬂ 1/“2
2
+2!m(‘7 to )fzoo 7 (‘7 +‘7><1)f020 % ( )fooz
2
yx1 fllO yx2 flOl ><1 ,xz)jp()lli|
ﬂ 1M,
Bias(yaj)z 0 (3.19)

— 1
Squaring both side of (3.18) and taking expectation, the mean square error of Y., upto terms of O(—j, is
n

given by

MSE (¥, )=E {(Wu+Wy)f +i(w +W, ) f, +i(w +sz)f3}

(2m)” 2 #,

'%(ml)% {(Wu(“Wy“))f +_(W W “) (W ™ <1>jf }

_%(ml)% {(Wu<z>+wy<2>)f +—(W +W ) (W "‘fo)) f3H2

WWW.ijres.org 19 | Page



A Generalized Class Of Jack-Knifed Estimator For Population Mean Using Two Auxiliary Variables..

2

2

{%{(gjﬂ; V) + (o2 02 )(fs) ,Tg( or )(f3)

I
s T Xl,xz)fzfs}
ﬁ{(a o )m) Lt ><f2> A}
+ 2o It oyxz A Xl,xz)fzfs}

AR AT 1)

2

+ﬁ{( ) 2
2

Oy 1o T— 0 oot ——0 ) fzfs}
1My
4 1 1
— {(Gﬁ +Gf,)(f1)2 +—2(cs§1 +G)2(1)(f2) +—(G +G )(f3)2
\/52(2m)§ mz2 Wy U,
2 2 2
+—o, ff,+—0oc _ f.f+—o0c ff
Hy L) e H, ()3 Mo L) }
4

() (A
\/52(2m)2m2{( A

2

+iz(051+0§1)(f2)2+ﬂ—12(052+0i)(fs)2

1 2

yx fif‘Z yx f;%f‘l xl,xz)-fo;S}:|
ﬂlﬂz

:i[(a o)) +_(a o)UY (e o )6
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1 1
+—O-(x1,x2) +f‘2f3 +Iu_f3f‘lo-(y,xz):|
2

1M

or (f3)

1 1 1
=om (1) +?C’i (%) +—§

+2{ia(y,xl)f1fz+ il ffH

1 My

5 () o uﬂ

e (3.20)

IV.CONCLUDING REMARKS

1. We can easily see that bias and mean square error of Y, are
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. — 1 0 \Xq 0 Xq %o f;)ll g \Xg
Blas(ya) {0' Jooo T axlfozo 2 Ufzfooz +24-0%) Jioo t Uate) O 4 (1) Jiot
,U1 Ky My 1M Hy

1 , Oy o,
1 2
+—l0, +_2f020 +— Jooz

2n
(4.1)
and mean square error be
o, 2 Th (2 I(yx) T3 %) T(yx)
MSE(ya)—— A (L) 22 () 20 f L) /i
My 2 Hy My Hy

2

1 » 2 2
+ﬁ{au(fl) u(jfz) Mz(fs)}(“)

Further, from (3.19) and (3.20), the bias and mean square error of jack-knifed estimator

Bias(y,;)=0

(4.3)
1 1
MSE(5, )= ) o3 1)+ 52 (1)1 + 5 (1)
+2{1 o ot oS T =0 J%ﬂH
yzi 1#2
1 1
Zm{ (fl) /112 (fZ) ﬂzz (]E)}@A)

From (4.2) and (4.4), we see that both estimators Y, and Vaj have the same mean square error but
from (4.1) bias of Y, is not zero whereas from (4.3) bias of the jack-knifed estimator Vaj is zero and both the
estimators Yy, and Yaj having the same mean square error, the jack-knifed estimator Yaj may be preferred to

the estimator Y, in the presence of measurement errors also.

Therefore, the proposed unbiased jack-knifed estimator should be preferred than the conventional
estimators under measurement error as they help in removing the bias while still preserving the efficiency. Many
important estimators like that of proposed by Abu-dayyeh et al. (2003) given by

< o/ \O»
Y. = 7[—lj (ﬁ} (45)
y )

are special cases of the present study when we assume the measurement errors to be absent. The conventional
results can be obtained as a special case by setting the measurement error variances to be zero.
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